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Abstract

The PSU(2, 2|4) transformation laws of the IIB superstring theory in the
AdS5 × S5 background are explicitly obtained for the light-cone gauge in
the Green–Schwarz formalism.

PACS numbers: 11.25.Tq, 11.25.Hf

1. Introduction

The construction and quantization of the superstring theory in anti de Sitter (AdS) spacetime
have been an important subject since the original AdS/CFT correspondence [1–3] was
proposed. Metsaev and Tseytlin [4] constructed the Green–Schwarz-type action of the type-IIB
superstring in AdS5 × S5 as a sigma model with a coset target space PSU(2, 2|4)/[SO(4,1) ×
SO(5)]. Then the light-cone gauge-fixing of κ transformations and reparametrizations on the
worldsheet were discussed in [5, 6].

In this paper we discuss a global symmetry of the type-IIB superstring in AdS5 × S5 by
using a group theoretical method. The symmetry is represented by the supergroup PSU(2, 2|4).
We use the worldsheet action of [5], where the κ symmetry is fixed by the light-cone gauge.
We obtain explicit forms of the transformation laws for the symmetry PSU(2, 2|4) in the light-
cone gauge. The transformation laws we obtain will be useful in constructing the Noether
charges for this symmetry [6]. They are also useful in finding consistent truncations of the
theory, which are needed in some recent investigations of the gauge/string correspondence
[7–10].
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2. IIB superstring in AdS5 × S5

The type-IIB superstring in AdS5 × S5 can be described [4] as a sigma model with a target space
PSU(2, 2|4)/[SO(4,1) × SO(5)]. The supergroup PSU(2, 2|4) contains a bosonic subgroup
SO(4,2) × SO(6), which is the isometry of AdS5 × S5. Its generators are

T Î = P a, J ab,D,Ka, J i
j ,Q

±i , S±i , (1)

where P a, J ab,D,Ka are SO(4,2) generators, J i
j are SU(4) ∼ SO(6) generators and Q±i , S±i

are fermionic generators. Here, a, b, . . . = 0, 1, 2, 3 and i, j, . . . = 1, 2, 3, 4 denote SO(3,1)
and SU(4) indices. The (anti-)commutation relations of these generators are given in [5],
whose conventions we use throughout this paper. The generators of the subalgebra SO(4,1) ×
SO(5) are

J ab, Ĵ 4a = Ka + 1
2P a, JA′B ′ = − 1

2 (γ A′B ′
)j iJ

i
j , (2)

where A′, B ′ = 1, 2, 3, 4, 5 are SO(5) indices and γ A′
are SO(5) gamma matrices. We use the

light-cone coordinates x± = 1√
2
(x3 ± x0), x = 1√

2
(x1 + ix2), x̄ = 1√

2
(x1 − ix2) and define

P = P x, P̄ = P x̄,K = Kx, K̄ = Kx̄ .
We choose a representative of the coset space PSU(2, 2|4)/[SO(4,1) × SO(5)] as

G = exp(xaP a) exp
(
θ−iQ+

i + θ−
i Q+i + θ+iQ−

i + θ+
i Q−i

)
× exp

(
η−iS+

i + η−
i S+i + η+iS−

i + η+
i S

−i
)

exp(φD) exp
(

1
2 iyA′

(γ A′
)i j J

j
i

)
, (3)

where θ±
i = (θ±i )†, η±

i = (η±i )†,Q±
i = (Q±i )†, S±

i = (S±i )†. The variables xa, φ,

yA′
, θ±i , η±i are coordinates of the coset space. We then fix the κ symmetry by the light-cone

gauge condition [5],

θ+i = η+i = 0 (4)

and put θ−i = θ i, η−i = ηi for simplicity. The left-invariant Cartan one-forms LÎ are defined
by

G−1 dG = LÎT Î

= LP
aP a + 1

2LabJ ab + LDD + LK
aKa + Lj

iJ
i
j + L−i

Q Q+
i + L−

QiQ
+i

+ L+i
QQ−

i + L+
QiQ

−i + L−i
S S+

i + L−
SiS

+i + L+i
S S−

i + L+
SiS

−i . (5)

Using the explicit forms of the Cartan one-forms the worldsheet action in the light-cone gauge
was obtained in [5].

3. PSU(2, 2|4) transformations

According to the general theory of the nonlinear realization [11, 12] the PSU(2, 2|4)

transformation of the representative (3) is

G → G′ = gGh−1(g), (6)

where g is an arbitrary element of PSU(2, 2|4) and h(g) is a compensating SO(4,1) × SO(5)
transformation which is chosen such that G′ has a form in equation (3). After the light-cone
gauge fixing of the κ symmetry (4) we also need a compensating κ transformation. An
infinitesimal PSU(2, 2|4) transformation is thus written as

G−1δG = G−1εG − σ(ε) + G−1δκG, (7)
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where ε is an arbitrary element of the PSU(2, 2|4) algebra

ε = ξaP a + 1
2λabJ ab + �D + ζ aKa + vj

iJ
i
j + ε−iQ+

i + ε−
i Q+i

+ ε+iQ−
i + ε+

i Q−i + β−iS+
i + β−

i S+i + β+iS−
i + β+

i S−i (8)

and σ(ε) is a compensating SO(4,1) × SO(5) transformation

σ(ε) = 1
2 λ̃abJ ab + ξ̃ aĴ 4a + 1

2 ṽA′B ′
JA′B ′

. (9)

The last term in equation (7) is a compensating κ transformation. The parameters λ̃ab, ξ̃ a, ṽA′B ′

and those of the κ transformation depend on ε.
The general κ transformation has a form [4],

G−1δκG = κ̃−i
Q Q+

i + κ̃−
QiQ

+i + κ̃+i
Q Q−

i + κ̃+
QiQ

−i

+ κ̃−i
S S+

i + κ̃−
SiS

+i + κ̃+i
S S−

i + κ̃+
SiS

−i + (J ab, JA′B ′
terms). (10)

The coefficients in the present convention are given by

κ̃+i
Q = 2i

[
L̂μ

+κ
μ−i

S + L̂μ
x̄κ

μ+i

S + iL̂μ
4κ

μ+i

Q − Lμ
A′

(γ A′
)i j κ

μ+j

Q

]
,

κ̃−i
Q = 2i

[
L̂μ

−κ
μ+i

S − L̂μ
xκ

μ−i

S + iL̂μ
4κ

μ−i

Q − Lμ
A′

(γ A′
)i j κ

μ−j

Q

]
,

κ̃+i
S = −2i

[
2L̂μ

+κ
μ−i

Q + 2L̂μ
xκ

μ+i

Q + iL̂μ
4κ

μ+i

S + Lμ
A′

(γ A′
)i j κ

μ+j

S

]
,

κ̃−i
S = −2i

[
2L̂μ

−κ
μ+i

Q − 2L̂μ
x̄κ

μ−i

Q + iL̂μ
4κ

μ−i

S + Lμ
A′

(γ A′
)i j κ

μ−j

S

]
,

(11)

where μ = 0, 1 is a world index on the worldsheet and κ
μ±i

Q , κ
μ±i

S on the right-hand sides

are independent transformation parameters. The L̂μ
a, L̂μ

4, Lμ
A′

are the pullbacks of the
following one-forms to the worldsheet

L̂a = La
P − 1

2La
K, L̂4 = −LD, LA′ = − 1

2 i(γ A′
)i jL

j
i . (12)

For a general variation of the variables XM = (xa, φ, yA′
, θ i, ηi) the variation of G in

equation (3) is given by

G−1δG = δXMLM
ÎT Î

= eφδx+P − + eφ
[
δx− − 1

2 i(θ iδθi + θiδθ
i)

]
P + + eφδxP̄ + eφδx̄P

+ e−φ
[

1
4 (η2)2δx+ + 1

2 i(ηiδηi + ηiδη
i)

]
K+ + δφD

+
[
(δUU−1)i j + i

(
η̃i η̃j − 1

4η2δi
j

)
δx+

]
J j

i + e
1
2 φ(δ̃θ

i
+ iη̃iδx)Q+

i

+ e
1
2 φ(δ̃θ i − iη̃iδx̄)Q+i − i e

1
2 φη̃iδx+Q−

i + i e
1
2 φη̃iδx

+Q−i

+ e− 1
2 φ

(
δ̃η

i
+ 1

2 iη2η̃iδx+)S+
i + e− 1

2 φ
(
δ̃ηi − 1

2 iη2η̃iδx
+) S+i , (13)

where we have used the explicit forms of the Cartan one-form in the light-cone gauge given
in [5]. Ui

j is the SU(4) matrix determined by the coordinates yA′

U = cos
|y|
2

+ iγ A′
nA′

sin
|y|
2

, (14)

where |y|2 = yA′
yA′

, nA′ = yA′
/|y| and θ̃ i = Ui

j θ
j , θ̃i = θj (U

−1)j i , etc. The compensating
transformations in equation (7) are chosen such that the total transformation (7) has this form.

We are now ready to obtain explicit forms of the PSU(2, 2|4) transformations. We first
compute the first term in equation (7). Useful formulae for doing this are listed in appendix.
Then, we choose compensating transformations in the second and third terms such that the total
transformations take the form in equation (13). Comparing the results of these computations
and equation (13) we obtain the PSU(2, 2|4) transformations of the variables XM .

3
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The transformations for P a,D, J +−, J +x, J xx̄ , J A′B ′
and Q+ do not need compensating

κ transformations and are easy to obtain. They were already given in [6]. We give them here
for completeness.
•P a transformations:

δxa = ξa, δ(others) = 0. (15)

•D transformations:

δxa = −�xa, δφ = �, (U−1δU)ij = 0,

δθ i = − 1
2�θi, δηi = 1

2�ηi.
(16)

• J +− transformations:

δx+ = −λ−+x+, δx− = λ−+x−, δx = δφ = (U−1δU)ij = 0,

δθ i = 1
2λ−+θ i, δηi = 1

2λ−+ηi.
(17)

• J +x and J +x̄ transformations:

δx− = λ−x̄x + λ−x x̄, δx = −λ−xx+, δ(others) = 0. (18)

• J xx̄ transformations:

δx = −λx̄xx, δθ i = − 1
2λx̄xθ i, δηi = 1

2λx̄xηi, δ(others) = 0. (19)

• J i
j transformations:

δxa = δφ = 0, δθ i = −vi
j θ

j , δηi = −vi
j η

j ,

(U−1δU)ij = vi
j + 1

4 ṽA′B ′
(U−1γ A′B ′

U)ij .
(20)

•Q+i and Q+
i transformations:

δx− = 1
2 iε−

i θ i + 1
2 iε−iθi , δθ i = ε−i , δ(others) = 0. (21)

The transformations for K+ do not need a compensating κ transformation either.
•K+ transformations:

δxa = ζ−(
x+xa − 1

2x · xηa+ − 1
2 e−2φηa+), δφ = −ζ−x+,

δηi = −ζ−x+ηi, δ(others) = 0.
(22)

The compensating SO(5) transformation with the parameter ṽA′B ′
in equation (20) is not yet

fixed. We will determine it and obtain the PSU(2, 2|4) transformation of the independent
variables yA′

in section 4.
Other transformations need compensating κ transformations and are more involved.

• J−x and J−x̄ transformations:

δx+ = λ+x̄x + λ+x x̄,

δx− = 1
4 i e− 3

2 φ
(
ηiκ̂−

Si + ηiκ̂
−i
S

)
+ 1

2 i e− 1
2 φ

(
θ i κ̂−

Qi + θi κ̂
−i
Q

) − 1
4 i e−2φ(λ+xθiη

i + λ+x̄θ iηi)η
2,

δx = −λ+x
(
x− − 1

2 iθ2 + 1
4 i e−2φη2

)
,

δφ = − 1
2 (λ+x̄θ iηi − λ+xθiη

i), (23)

(U−1δU)ij = λ+x̄θ iηj + λ+xθjη
i − (trace part) + 1

4 ṽA′B ′
(U−1γ A′B ′

U)ij ,

δθ i = e− 1
2 φκ̂−i

Q − 1
4λ+x e−2φη2ηi,

δηi = e
1
2 φκ̂−i

S + 1
2λ+x̄η2θ i + λ+xθjη

jηi,

where we have defined

κ̂±i
Q = (U−1)i j κ̃

±j

Q , κ̂±i
S = (U−1)i j κ̃

±j

S . (24)

4
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To obtain the form (13) we need to choose the parameters of the κ transformation as

κ̂+i
Q = λ+x̄ e

1
2 φθ i, κ̂+i

S = λ+x e− 1
2 φηi. (25)

As we will see in section 4 κ̂−i
Q , κ̂−i

S in the transformation (23) are determined from these
conditions. Similarly, we obtain other transformations and conditions on the parameters of
the κ transformations as follows.
•K and K̄ transformations:

δx+ = (ζ̄ x + ζ x̄)x+,

δx− = 1
4 i e− 3

2 φ
(
ηiκ̂−

Si + ηiκ̂
−i
S

)
+ 1

2 i e− 1
2 φ

(
θ i κ̂−

Qi + θi κ̂
−i
Q

)
+ ζ̄ x

(
x− + 1

2 iθ2
)

+ ζ x̄
(
x− − 1

2 iθ2
)

+ 1
4 i e−2φx+(ζ̄ θ iηi − ζθiη

i)η2,

δx = ζ̄ x2 − ζx+ (
x− − 1

2 iθ2
) − 1

2ζ e−2φ
(
1 + 1

2 ix+η2
)
,

(26)
δφ = −(ζ̄ x + ζ x̄) − 1

2x+(ζ̄ θ iηi − ζθiη
i),

(U−1δU)ij = x+(ζ̄ θ iηj + ζθjη
i) − (trace part) + 1

4 ṽA′B ′
(U−1γ A′B ′

U)ij ,

δθ i = e− 1
2 φκ̂−i

Q + (ζ̄ x + ζ x̄)θ i + 1
2 iζ e−2φ

(
1 + 1

2 ix+η2
)
ηi,

δηi = e
1
2 φκ̂−i

S + iζ̄
(
1 − 1

2 ix+η2
)
θ i − ζ̄ xηi + ζx+θjη

jηi,

κ̂+i
Q = e

1
2 φζ̄ x+θ i, κ̂+i

S = e− 1
2 φζx+ηi. (27)

•K− transformations:

δx+ = ζ + (
x−x+ − 1

2x · x − 1
2 e−2φ

)
,

δx− = ζ +[ 1
2 i e− 1

2 φ
(
θ i κ̂−

Qi + θi κ̂
−i
Q

)
+ 1

4 i e− 3
2 φ

(
ηiκ̂−

Si + ηiκ̂
−i
S

)
+ (x−)2 − 1

4 (θ2)2

+ 1
2 e−2φθ iηiθjη

j + 1
4 i e−2φη2(xθiη

i + x̄θ iηi) + 1
16 e−4φ(η2)2

]
,

δx = ζ + [(
x− − 1

2 iθ2
)
x + 1

2 e−2φ
(
θ iηi + 1

2 ixη2
)]

,

δφ = ζ + (−x− − 1
2xθiη

i + 1
2 x̄θ iηi

)
, (28)

(U−1δU)ij = −iζ + (
θ iθj + ixηiθj − ix̄θ iηj − 1

2 e−2φηiηj

) − (trace part)

+ 1
4 ṽA′B ′

(U−1γ A′B ′
U)ij ,

δθ i = ζ +[e− 1
2 φκ̂−i

Q +
(
x− − 1

2 iθ2
)
θ i − 1

2 i e−2φ
(
θjηj + 1

2 ixη2
)
ηi

]
,

δηi = ζ +[e 1
2 φκ̂−i

S + iθjη
j (θ i + ixηi) − 1

2 x̄η2θ i + 1
4 i e−2φη2ηi

]
,

κ̂+i
Q = ζ +(−x̄ e

1
2 φθ i + 1

2 i e− 3
2 φηi

)
, κ̂+i

S = ζ + e− 1
2 φ i(θ i + ixηi). (29)

•Q−i and Q−
i transformations:

δx+ = 0, δx = iε+
i θ i , δφ = − 1

2

(
ε+
i ηi − ε+iηi

)
,

δx− = 1
2 i e− 1

2 φ
(
θ i κ̂−

Qi + θi κ̂
−i
Q

)
+ 1

4 i e− 3
2 φ

(
ηiκ̂−

S i + ηiκ̂
−i
S

)
+ 1

8 i e−2φη2(ε+
i ηi + ε+iηi

)
,

(30)
(U−1δU)ij = −(

ε+
j ηi + ε+iηj

) − (trace part) + 1
4 ṽA′B ′

(U−1γ A′B ′
U)ij ,

δθ i = e− 1
2 φκ̂−i

Q , δηi = e
1
2 φκ̂−i

S − ε+
j η

jηi − 1
2η2ε+i ,

κ̂+i
Q = −e

1
2 φε+i , κ̂+i

S = 0. (31)

• S+i and S+
i transformations:

δx+ = 0, δx = x+β−
i θ i , δφ = 1

2 ix+(β−
i ηi + β−iηi

)
,

δx− = 1
2 iθ i

(
e− 1

2 φκ̂−
Qi − ix̄β−

i

)
+ 1

2 iθi

(
e− 1

2 φκ̂−i
Q + ixβ−i

)
5



J. Phys. A: Math. Theor. 42 (2009) 095401 M Nishimura and Y Tanii

+ 1
4 i e−2φηi

[
e

1
2 φκ̂−

Si − (
1 − 1

2 ix+η2)β−
i

]
+ 1

4 i e−2φηi

[
e

1
2 φκ̂−i

S − (
1 + 1

2 ix+η2)β−i
]
, (32)

(U−1δU)ij = ix+(β−
j ηi − β−iηj

) − (trace part) + 1
4 ṽA′B ′

(U−1γ A′B ′
U)ij ,

δθ i = e− 1
2 φκ̂−i

Q − ixβ−i ,

δηi = e
1
2 φκ̂−i

S +
(
1 − 1

2 ix+η2)β−i + ix+β−
j ηjηi,

κ̂+i
Q = −ix+ e

1
2 φβ−i , κ̂+i

S = 0. (33)

• S−i and S−
i transformations:

δx+ = 0, δx = xβ+
i θ i + 1

2 i e−2φβ+iηi,

δx− = 1
4 i e− 3

2 φ
(
ηiκ̂−

Si + ηiκ̂
−i
S

)
+ 1

2 i e− 1
2 φ

(
θ i κ̂−

Qi + θi κ̂
−i
Q

)
+ 1

4 i e−2φ
[(

θj − 1
2 ix̄ηj

)
ηjβ+iηi − (

θj + 1
2 ixηj

)
ηjβ

+
iη

i
]

+ 1
2

(
x− − 1

2 iθ2) β+
iθ

i − 1
2

(
x− + 1

2 iθ2) β+iθi ,
(34)

δφ = − 1
2β+

i (θ i − ixηi) + 1
2β+i (θi + ix̄ηi),

(U−1δU)ij = β+
j (θ i + ixηi) + β+i (θj − ix̄ηj ) − (trace part) + 1

4 ṽA′B ′
(U−1γ A′B ′

U)ij ,

δθ i = e− 1
2 φκ̂−i

Q + β+
j θj θ i + i

(
x− − 1

2 iθ2) β+i + 1
2 e−2φβ+j ηjη

i,

δηi = e
1
2 φκ̂−i

S + β+
j η

j (θ i + ixηi) − (
θj − 1

2 ix̄ηj

)
ηjβ+i ,

κ̂+i
Q = −ix̄ e

1
2 φβ+i , κ̂+i

S = −e− 1
2 φβ+i . (35)

4. Compensating SO(5) and κ transformations

Here we fix the compensating SO(5) and κ transformations left undetermined above. Let us
first consider the SO(5) transformations. The PSU(2, 2|4) transformations of U obtained in
equations (20), (23), (26), (28), (30), (32), (34) have a form

(U−1δU)ij = vi
j + 1

4 ṽA′B ′
(U−1γ A′B ′

U)ij , (36)

where vi
j is a given function of the variables XM and the transformation parameters, and

ṽA′B ′
represents a compensating SO(5) transformation. On the other hand, a variation of the

independent variables yA′
in equation (14) gives

U−1δU = 1

2
iγ A′

nA′
nB ′

δyB ′
+

1

2
i
sin|y|
|y| γ A′

(δA′B ′ − nA′
nB ′

)δyB ′
+

1

|y| sin2 |y|
2

γ A′B ′
nA′

δyB ′
.

(37)

We choose the compensating SO(5) transformations such that equation (36) has the form (37).
Decomposing vi

j into equation (36) as

vi
j = 1

2 ivA′
(γ A′

)i j − 1
4vA′B ′

(γ A′B ′
)i j , (38)

we find that ṽA′B ′
and the PSU(2, 2|4) transformations of yA′

are given by

ṽA′B ′ = vA′B ′
+ 2 tan

|y|
2

n[A′
vB ′],

δyA′ = vA′B ′
yB ′

+

[
nA′

nB ′
+

|y|
tan|y| (δ

A′B ′ − nA′
nB ′

)

]
vB ′

.

(39)
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Next, we shall obtain κ̂−i
Q , κ̂−i

S from the conditions on κ̂+i
Q , κ̂+i

S in equations (25), (27),
(29), (31), (33), (35), which we write as

κ̂+i
Q = τ i

Q, κ̂+i
S = τ i

S. (40)

From equation (11) these conditions are satisfied if we choose the independent κ transformation
parameters as

κ
μ−i

S = −1

4
i

τ i
Q

L̂μ
+
, κ

μ−i

Q = 1

8
i

τ i
S

L̂μ
+
, κ

μ+i

S = κ
μ+i

Q = 0, (41)

where μ = +,− are indices of the worldsheet light-cone coordinates. Substituting these
equations into κ̂−i

Q , κ̂−i
S in equation (11) we obtain

κ̂−i
Q = −1

2

(
∂+x

∂+x+
+

∂−x

∂−x+

)
τ i
Q +

1

4
i e−φ

(
∂+φ

∂+x+
+

∂−φ

∂−x+

)
τ i
S

+
1

4
e−φ

(
L+

A′

∂+x+
+

L−A′

∂−x+

)
(γ A′

)i j τ
j

S ,

κ̂−i
S = −1

2

(
∂+x̄

∂+x+
+

∂−x̄

∂−x+

)
τ i
S +

1

2
i e−φ

(
∂+φ

∂+x+
+

∂−φ

∂−x+

)
τ i
Q

− 1

2
e−φ

(
n

L+
A′

∂+x+
+

L−A′

∂−x+

)
(γ A′

)i j τ
j

Q, (42)

where we have used the explicit forms of equation (12) given in [5]

L̂μ
+ = eφ∂μx+, L̂μ

x = eφ∂μx, L̂μ
4 = −∂μφ,

Lμ
A′ = − 1

2 i(γ A′
)j i

[
(∂μUU−1)i j + i

(
η̃i η̃j − 1

4η2δi
j

)
∂μx+]. (43)

Using these κ̂−’s in equations (23), (26), (28), (30), (32), (34) we obtain explicit transformation
laws.

From equation (30) we see that the Q− transformation of x+ vanishes. This means in
particular that the commutator of two Q− transformations is zero on x+, which at first sight
looks inconsistent with the PSU(2, 2|4) algebra{

Q−i ,Q−
j

} = iP −δi
j . (44)

This apparent inconsistency can be resolved as follows. Since we have not fixed a gauge for
reparametrizations on the worldsheet, the commutator algebra closes up to a reparametrization.
From equations (30), (31), (42) the commutator of two Q− transformations on x, which should
vanish according to the PSU(2, 2|4) algebra (44), becomes[

δQ−
(
ε+

1

)
, δQ−

(
ε+

2

)]
x = (ξ+∂+ + ξ−∂−)x, (45)

where

ξ± = 1

2∂±x+
i
(
ε+

2iε
+i
1 − ε+

1iε
+i
2

)
. (46)

This is a reparametrization with the parameters ξ±. As the reparametrization of x+ with these
parameters is

(ξ+∂+ + ξ−∂−)x+ = i
(
ε+

2iε
+i
1 − ε+

1iε
+i
2

)
, (47)

the commutator on x+ can be written as[
δQ−

(
ε+

1

)
, δQ−

(
ε+

2

)]
x+ = −i

(
ε+

2iε
+i
1 − ε+

1iε
+i
2

)
+ (ξ−∂− + ξ+∂+)x

+. (48)

The first term on the right-hand side is a P − transformation of x+ expected from the PSU(2, 2|4)

algebra (44). Thus, the algebra (44) is satisfied up to a reparametrization.
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Appendix

We summarize formulae useful in computing G−1εG. From the formula

eAB e−A = B + [A,B] +
1

2!
[A, [A,B]] +

1

3!
[A, [A, [A,B]]] + · · · (A.1)

we obtain the following identities.

e−x·P J ab ex·P = J ab − xaP b + xbP a,

e−x·P D ex·P = D − x · P,

e−x·P Ka ex·P = Ka − xaD + xbJ ba + xax · P − 1
2x · xP a,

e−x·P S+i ex·P = S+i − ix+Q−i + ix̄Q+i ,

e−x·P S−i ex·P = S−i − ix−Q+i − ixQ−i ,

e−θ ·Q+
J +− eθ ·Q+ = J +− + 1

2θ · Q+,

e−θ ·Q+
J xx̄ eθ ·Q+ = J xx̄ − 1

2

(
θ iQ+

i − θiQ
+i

) − 1
2 iθ2P +,

e−θ ·Q+
J−x eθ ·Q+ = J−x − θ iQ−

i − 1
2 iθ2P,

e−θ ·Q+
D eθ ·Q+ = D − 1

2θ · Q+,

e−θ ·Q+
K eθ ·Q+ = K + iθ iS+

i + 1
2 iθ2J +x,

e−θ ·Q+
K− eθ ·Q+ = K− − i

(
θ iS−

i − θiS
−i

)
+ 1

2 iθ2J xx̄ − iθj θiJ
i
j

− 1
2 iθ2(θ iQ+

i − θiQ
+i

)
+ 1

4 (θ2)2P +,

e−η·Q+
J i

j eη·Q+ = J i
j − θ iQ+

j + θjQ
+i − iθ iθjP

+ − (trace part),

e−θ ·Q+
Q+i eθ ·Q+ = Q+i + iθ iP +,

e−θ ·Q+
Q−i eθ ·Q+ = Q−i + iθ iP̄ ,

e−θ ·Q+
S+i eθ ·Q+ = S+i − θ iJ +x̄ ,

e−θ ·Q+
S−i eθ ·Q+ = S−i + 1

2θ i(J +− − J xx̄ − D) + θjJ i
j + 1

2θ2Q+i + θ iθjQ+
j + 1

2 iθ iθ2P +,

e−η·S+
P eη·S+ = P − iηiQ

+i + 1
2 iη2J +x,

e−η·S+
P − eη·S+ = P − − i

(
ηiQ−

i − ηiQ
−i

)
+ 1

2 iη2J xx̄ + iηiηjJ
j
i

+ 1
2 iη2(ηiS+

i − ηiS
+i

)
+ 1

4 (η2)2K+,

e−η·S+
D eη·S+ = D + 1

2η · S+,

e−η·S+
J +− eη·S+ = J +− + 1

2η · S+,

e−η·S+
J xx̄ eη·S+ = J xx̄ + 1

2

(
ηiS+

i − ηiS
+i

) − 1
2 iη2K+,

e−η·S+
J−x eη·S+ = J−x − ηiS

−i − 1
2 iη2K,

e−η·S+
J i

j eη·S+ = J i
j − ηiS+

j + ηjS
+i + iηiηjK

+ − (trace part),

e−η·S+
Q+i eη·S+ = Q+i + ηiJ +x,

e−η·S+
Q−i eη·S+ = Q−i − 1

2ηi(J +− + J xx̄ + D) − ηjJ i
j − ηiηjS+

j − 1
2η2S+i + 1

2 iηiη2K+,

e−η·S+
S+i eη·S+ = S+i − iηiK+,

e−η·S+
S−i eη·S+ = S−i − iηiK.
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